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We perform the stability analysis against radial oscillations for quark stars obtained using the
equation of state for cold quark matter from perturbative QCD. We find a distinguishable split-
ting between zero-mode periods in neutron stars and quark stars taking into account the recent
gravitational wave constraint on the maximum masses of compact stars.
PACS numbers: 25.75.Nq, 11.10.Wx, 12.39.Fe, 64.60.Q-
I. INTRODUCTION
Pulsar observations have shown that neutron stars
(NS) must suffer different kinds of mechanical deforma-
tions, e.g. radial and non-radial oscillations, rotation,
glitches, along their lifetime in order to reproduce radio,
X-ray, gamma-ray and other electromagnetic signatures
[1, 2]. Recently, the LIGO and Virgo observatories mea-
sured gravitational waves coming from the merger of neu-
tron stars, opening a new window to probe NS responses
to some of the disturbances produced by tidal deforma-
tions in the inspiral phase [3]. Besides the usual con-
straints, e.g. from the existence of ∼ 2M neutron stars
[4, 5], on the equation of state (EoS) for neutron star
matter [6–9], mechanical responses of NS could poten-
tially provide signatures of the presence of quark matter
in their cores [10]
In this work we compute the pulsation periods of quark
stars coming from possible radial perturbations occurring
at different stages of the pulsar’s lifetime. Those can hap-
pen due to several reasons, e.g. accretion from a partner
in a binary system, influence of the interstellar medium,
starquakes [1, 2]. The general relativistic radial pulsa-
tion analysis framework was designed long ago by Chan-
drasekhar [11], being applied initially only to polytropic
EoSs, and some years later to more realistic nuclear EoSs
[12]. Many radial oscillation modes were calculated for
modern sets of EoSs for cold NS by Kokkotas and Ruoff
[13].
For quark stars, radial pulsations were analyzed mostly
using the bag model (in some cases adding constant cor-
rections to the strange quark mass and interactions which
behave effectively only as long range) to build the equa-
tion of state for cold quark matter [14–19]. Results sug-
gested that the zero-mode periods were very low to be
detected [20, 21], which motivated the search for the
so-called non-radial oscillations that would have higher
periods which could be measured through gravitational
wave observations [22, 23]. In the following, we show
that adopting an equation of state for cold quark mat-
ter from perturbative QCD and imposing the two-solar
mass constraint [4, 5] for compact stars, the zero-mode
frequencies of quark stars tend to have a nearly constant
behavior and larger periods.
To study the radial pulsations of quark stars, we use
the framework of Ref. [34], where the original Sturm-
Liouville form is turned into a pair of first-order coupled
differential equations. For the equation of state, we use
the pressure for cold QCD matter of Ref. [32], which can
be cast in a pocket formula as described in Ref. [33]1.
We do not consider effects from quark pairing.
This work is organized as follows. In Sec. II we set
up the formalism needed to study radial pulsations of
quark stars. In Sec. III we summarize the main aspects
of the equation of state for cold QCD matter. In Section
IV we present our results for the stability of quark stars.
Section V presents our summary and final remarks.
II. RADIAL OSCILLATIONS: FRAMEWORK
In this section we summarize the main aspects concern-
ing the stability analysis of radial oscillations (pulsations)
in quark stars. For simplicity, we assume that the stars
are static and spherically symmetric, so that one can use
the Schwarzschild-like line element, having as non-trivial
metric functions eν(r) and eλ(r), for the temporal and ra-
dial parts, respectively. Then, Einstein’s equations are
solved for stellar configurations in hydrostatic equilib-
rium, yielding the Tolman-Oppenheimer-Volkov (TOV)
equations (using G = c = 1) [1, 2]
dP
dr
= −M
r2
(
1 +
P

)(
1 +
4pir3P
M
)(
1− 2M
r
)−1
,
(1)
dM
dr
= 4pir2 , (2)
dν
dr
= − 2
P + 
dP
dr
, (3)
1 Cold perturbative QCD has a long story [24–33] and, although
its realm of validity corresponds to much higher densities, it is
relevant in modelling the equation of state of compact stars, since
QCD short-range interactions become important at intermediate
densities, reachable in the interior of NS [29–33].
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2where P is the pressure,  is the energy density, and M
is the gravitational mass inside the radius r.
To solve Eqs. (1)-(2), one needs the EoS, P = P (),
as an input. Then, one imposes that at the origin
M(r = 0) = 0 and P (r = 0) = P0, and the integra-
tion must end when P (r = R) = 0, i.e. at the surface
of the star, its total mass being M(r = R) = M . Ad-
ditionally, in order to solve Eq. (3) for ν we use the
boundary condition ν(r = R) = ln (1− 2M/R). This
ensures that this metric function ν(r) will match con-
tinuously the Schwarzschild metric outside the star, in
agreement with Birkhoff’s theorem [2].
In order to obtain the equations for radial pulsations
of relativistic stars, one begins by perturbing the space-
time and fluid components while preserving the spherical
symmetry of the unperturbed star. These perturbations
are introduced into Einstein’s equations together with
the energy-momentum and baryon number conservation
laws, neglecting nonlinear terms. Historically, it was
Chandrasekhar [11] who first presented the second-order
pulsating differential equations in the form of a Sturm-
Liouville problem, which after being solved yields eigen-
values and eigenfunctions for the radial perturbations.
Only decades later it was realized by Vath and Chanmu-
gan [14] that these equations could be transformed into
a set of two first-order differential equations by choosing
appropriate variables, namely ∆r/r and ∆P/P . Later,
Gondek et al. [34] found convenient to rewrite these
equations for the relative radial displacement ∆r/r and
the Lagrangian perturbation of the pressure ∆P . This
last set of equations is well adjusted to numerical tech-
niques since one directly imposes the boundary condition
at the star’s surface. Moreover, these equations do not
involve any derivatives of the adiabatic index, Γ, which
is sensitive to the EoS being used.
Defining ∆r/r ≡ ξ and ∆P as the independent vari-
ables (omitting their harmonic time dependence, eiωt) for
the pulsation problem, one obtains the following system
of equations (also with G = c = 1)[34]:
dξ
dr
= −1
r
(
3ξ +
∆P
ΓP
)
− dP
dr
ξ
(P + )
, (4)
d∆P
dr
= ξ
{
ω2eλ−ν(P + )r − 4dP
dr
}
+
ξ
{(
dP
dr
)2
r
(P + )
− 8pieλ(P + )Pr
}
+
∆P
{
dP
dr
1
P + 
− 4pi(P + )reλ
}
, (5)
where ω is the oscillation frequency.
The boundary conditions are given by the following
conditions:
• Physical smoothness at the center of the star re-
quires that, when r → 0, the coefficient of the 1/r
term in Eq. (4) must vanish. Thus, we impose that
(∆P )center = −3(ξΓP )center. (6)
• Normalizing the eigenfunctions to ξ(0) = 1 and
knowing that P (r → R) → 0, we see that the La-
grangian perturbation in the pressure at the surface
vanishes. Thus
(∆P )surface = 0. (7)
In order to solve simultaneously Eqs. (4)-(7) numeri-
cally, we use the following recipe:
• Solve the TOV equations for the EoS to be used
in the analysis to calculate the coefficients of Eqs.
(4)-(5), i.e. combinations of Γ(r), P (r), (r), λ(r),
and ν(r) for a given central pressure.
• After solving the desired equations with their
boundary conditions and a set of trial values for
ω2, obtain an oscillating behavior of ∆P and ξ as
functions of ω.
• Only the discrete values of the frequency that sat-
isfy ∆P (ω2i ) = 0 are considered the eigenfrequen-
cies of the system.
Although this procedure is different from the more
commonly used Sturm-Liouville eigenvalue problem, it
also examines the squared frequencies ω2n satisfying ω
2
0 <
ω21 < ω
2
2 < · · ·2. If ω2n > 0, the frequency is real and
the mode is stable and oscillatory. On the other hand,
if ω2n < 0, then the frequency is purely imaginary and
the mode is unstable. For the global stability of the star,
it is sufficient to look only at the fundamental (lowest)
eigenvalue, ω20 . If ω
2
0 > 0, then all ω
2
n > 0 and the star is
stable. If ω20 < 0, then there is at least one unstable mode
and the star becomes unstable. The transition between
these two stellar states occurs when this fundamental fre-
quency vanishes, i.e. ω0 = 2pif0 → 0 [2, 35]. Thus, when
the fundamental mode reaches zero in ∆P (ω20 = 0) = 0,
we obtain the maximal stable mass configuration for a
given equation of state before gravitational collapse.
III. EOS FOR COLD QUARK MATTER
Since we are interested in the physics of quark stars,
we choose an EoS for cold quark matter obtained from
cold and dense perturbative QCD, besides satisfying β-
equilibrium and electric charge neutrality. This equation
of state was computed up to second order in the strong
coupling αs by Kurkela et al. [32], including the effects
of the renormalization group on αs(Λ¯) and the strange
quark mass ms(Λ¯). As usual, the perturbative calcula-
tion brings about an additional scale, the renormaliza-
tion scale Λ¯, a parameter that has to be varied within
2 Our code reproduces the pulsation frequencies of Kokkotas and
Ruoff [13].
3some range, and can be constrained by the phenomenol-
ogy [29].
The full result of Ref. [32] can be cast into the following
pocket formula, [33] which we call FKV:
PQCD = PSB(µB)
(
c1 − a(XFKV)
(µB/GeV)− b(XFKV)
)
. (8)
It includes the contributions from massless up and down
quarks, a massive strange quark and massless electrons
in β-equilibrium and electrically neutral. Here, µB is the
baryon chemical potential and we use the dimensionless
version of the renormalization scale, XFKV = 3Λ¯/µB ,
which can vary between 1 and 4, as discussed, e.g. in
Ref. [32]. The auxiliary functions that enter into this
pressure are defined as
a(XFKV) = d1X
−ν1
FKV, b(XFKV) = d2X
−ν2
FKV, (9)
with the following fit values (for details, see Ref. [33])
c1 = 0.9008, d1 = 0.5034, d2 = 1.452, (10)
ν1 = 0.3553, ν2 = 0.9101. (11)
From Eq. (8) one can easily compute the perturba-
tive trace anomaly of QCD normalized by the Stefan-
Boltzmann result, obtaining
tµµ(µB , XFKV) =
µB
GeV
a(XFKV)
[(µB/GeV)− b(XFKV)]2
, (12)
which gives a measure of the role of interactions encoded
in the breaking of conformal symmetry [36]. In Fig. 1 we
show the pQCD normalized trace anomaly for different
values of XFKV, and compare it to the result obtained
from the bag model for B1 = (145MeV)
4, which vanishes
very quickly with µB .
A technical detail one has to keep in mind when using
the FKV pocket formula for the pressure and in obtaining
other thermodynamic quantities: since PQCD is a func-
tion of µB and XFKV, when obtaining the energy density
QCD one has the freedom to choose first a fixed value of
XFKV = XFKV(µB) (e.g., XFKV = 2, i.e., Λ¯ = (2/3)µB)
in PQCD and then building the energy density using the
thermodynamic relation QCD = −PQCD + nBµB , or to
consider XFKV an independent constant and then build-
ing QCD by taking derivatives in µB keeping XFKV con-
stant when computing the baryon number density nB
(see, e.g., Ref. [37] for a similar situation at high tem-
peratures). In this work, we have chosen to first fix the
values of XFKV as functions of µB , and then build the
EoS, PQCD = PQCD(QCD). Our approach differs from
the other option by some percent for low values of µB .
The use of the FKV equation of state allows us
to probe the Bodmer-Witten hypothesis of absolutely
strange quark matter as being the true ground state
of nuclear matter in the vacuum, i.e. at zero temper-
ature and zero pressure, with strange matter configura-
tions with E/A = QCD/nB(XFKV) < 930MeV, i.e. ex-
hibiting energy per baryon less than that of iron-56 [1].
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FIG. 1. Normalized trace anomaly as a functions of the
baryon chemical potential for different values of XFKV). In
addition, we show the result obtained from the bag model for
B1 = (145MeV)
4 in dashed line. We mark with asterisks the
cases of XFKV between 3 and 4 since only within this range
one obtains two-solar mass stars.
This analysis was carried out in Ref. [32], where it has
been proven that this condition is satisfied for values of
XFKV ∼ 3 − 4, so that the strange matter hypothesis is
less favorable in the parameter space of the FKV equa-
tion of state. We note that this was also verified within
the Nambu–Jona-Lasinio (NJL) model for quark matter,
at least for the most common parametrizations of the
EoS [38]. Although heavy neutron stars are more likely
to be hybrid stars (stars made of nuclear matter with
possible quark cores), we consider only bare quark stars
(and strange stars) in what follows. Interestingly, we find
a distinguishable splitting between zero-mode periods in
neutron stars and quark stars when taking into account a
recent gravitational wave constraint on the possible max-
imum masses of pulsars.
IV. ANALYSIS AND RESULTS
We can now investigate the behavior of the different
eigenfrequencies, ωn, produced by a radial perturbation
in the bulk3 of a quark (or strange) star making use of
the framework built in the two previous sections.
These frequencies will vary qualitatively and quanti-
tatively depending on the values chosen for XFKV. In
what follows, we do not distinguish between quark stars
and strange stars since that will be tied to the choice of
XFKV, as discussed in Sec. III. Differently from previous
3 Since it is difficult to know whether a strange star is exposed or
not, and if magnetospheric effects are relevant [39], we neglect
surface effects. In any case, it is expected that quark stars and
strange stars will have at least a thin layer (of the order of the
strong interaction scale) of hadronic matter.
4work on the radial oscillations of strange quark stars, we
do not rely on the bag model but use, instead, cold and
dense perturbative QCD to model the EoS of cold quark
matter.
To study cold, adiabatic and isentropic (zero entropy)
quark stars, we express the adiabatic index as
Γ ≡
(
1 +

P
) ∂P
∂
. (13)
In the case of the bag model, it is easy to find the follow-
ing analytic expression for this index:
ΓMIT =
4
3
(
1 +
B
P
)
. (14)
In our case, though, ΓFKV = Γ(XFKV) turns out to be
very involved analytically and must be evaluated numer-
ically.
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FIG. 2. Fundamental (n = 0) mode frequency, f0, versus the
total gravitational mass M (in units of the solar mass M) of
quark star configurations for different values ofXFKV. Results
for the bag model are shown for comparison (see text).
In Fig. 2 we show the fundamental (n = 0) mode
frequency, f0, versus the total gravitational mass M (in
units of the solar mass M) of quark star configurations
for different values of XFKV, together with results for
the bag model, for comparison. It is clear from the fig-
ure that different renormalization scales affect qualitative
features for the radial oscillation frequencies. In partic-
ular, the fundamental mode frequencies, ω0, which we
write in terms of the linear frequency f0 ≡ ω0/2pi. This
mode is very relevant, since it is the easiest to be excited
by external perturbations. Besides, it is very sensitive
to the interactions encoded in the EoS from high-density
perturbative QCD. Higher eigenfrequencies (n = 1, 2, ...)
have large values which are of the same order of the ones
obtained within the bag model. In what follows, we give
values for the zero-mode frequencies down to their min-
imal values just before they vanish, i.e. before the oscil-
lation periods diverge, as usually done in the literature4.
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FIG. 3. Fundamental (n = 0) mode frequencies, f0, versus
the central energy density, c, for different values of XFKV.
Results for the bag model are shown for comparison (see text).
A closer look at Fig. 2, shows that the vibrational
fundamental modes of low-mass configurations are very
sensitive on XFKV, having larger values compared to the
bag models (B1 = (145MeV)
4 and B2 = (166.5MeV)
4)
for XFKV between 1 and 2. Those values of XFKV pro-
duce small strange quark stars with a broad range of
fundamental frequencies, in contrast to the ones provided
by the bag model (the opposite happening for larger val-
ues of XFKV). Higher values of XFKV produce heavy
strange quark stars, satisfying the two-solar mass con-
straint straightforwardly, and have fundamental frequen-
cies that exhibit a nearly constant behavior in the range
1− 3 kHz.
Notice also that low-mass strange stars have lower val-
ues of frequency for XFKV between 3 and 3.5, approxi-
mately, signalling that strong interactions may play a role
in making those stars less deformable against external ra-
dial perturbations. Although it was generally accepted
that by adding interactions one would make quark mat-
ter softer than in the bag model case, which would mean
more deformable (higher values for frequencies), our find-
ings go in the opposite direction. This could be related
to effects coming from the baryon number A of strange
stars with intermediate masses and the fact that for some
of them their response to radial perturbations is sensitive
to the relation between f0 and A, favoring some kind of
strange inhomogeneous phases [40].
Finally, at least on the qualitative side, strange stars
with masses around the two-solar mass limit have peri-
ods that tend to be higher than 1 ms, whereas low-mass
strange stars tend to have periods that are smaller and
4 The frequencies were calculated assuming values of XFKV that
generate maximum masses ∼ 2.2M, which corresponds to
XFKV ∼ 3.2.
5smaller, making them difficult to detect by modern tech-
niques including drifting subpulses and micropulses [20].
Figure 3 shows the fundamental (n = 0) mode frequen-
cies, f0, versus the central energy density, c, for different
values of XFKV. From Figs. 2 and 3 one can see that
the bag model surpasses the two-solar mass constraint
only for high central energy densities, whereas in the
case of the EoS provided by the FKV formula relatively
low-energy central densities seem to be enough to pro-
duce heavy stars. For instance, although XFKV = 3 and
B1 display similar values of maximum mass (≈ 2M),
their trajectories when going from low to high masses
(in terms of their frequencies) are different for stars with
M > 1M. Differences are much more pronounced in
the behavior of f0 as a function of c, as illustrated in
Fig. 3.
EoS c[GeV/fm
3] f0[kHz] τ0[ms]
APR ≈ 0.6 ≈ 0.56 ≈ 1.79
TM1 ≈ 0.3 ≈ 0.32 ≈ 3.13
B1 ≈ 0.4 ≈ 4 ≈ 0.25
B2 ≈ 1 ≈ 3 ≈ 0.33
TABLE I. Values of central energy densities (c), fundamen-
tal mode frequencies (f0), and their associated periods (τ0)
for stars with mass M = 1.4M, obtained from equations of
state for nuclear matter and the bag model (see text).
To make our discussion more quantitative, we show a
few illustrative tables. In Table I we list values of central
energy densities, zero-mode frequencies and zero-mode
periods for a stellar configuration such that M = 1.4M,
generated by different equations of state: standard nu-
clear matter, from APR [41] and TM1 [42], and strange
matter, from the bag model with the typical values of
the bag constant we used before. The choice of mass
follows the fact that most of the observed pulsars tend
to have masses near this value. From this table we see
that nuclear and quark frequencies are distinguishable.
This is also illustrated in Fig. 4, where we show a com-
parison between the behavior of the fundamental mode
frequency for stars generated from hadronic EoSs and
pQCD for two values of XFKV.
XFKV c[GeV/fm
3] f0[kHz] τ0[ms]
3 ≈ 0.3 ≈ 2 ≈ 0.5
3.2 ≈ 0.26 ≈ 3 ≈ 0.33
4 ≈ 0.16 ≈ 3.2 ≈ 0.31
TABLE II. Values of central energy densities, fundamental
frequencies, and their corresponding periods for quark stars
with mass M = 1.4M, obtained from the FKV equation of
state for different values of XFKV.
In Table II we present the same observables for quark
stars with mass M = 1.4M, obtained from the FKV
equation of state for different values of the dimensionless
TM1
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FIG. 4. Fundamental frequency versus the total mass M
for stars generated from hadronic matter (dashed lines) and
pQCD.
renormalization scale XFKV. It was shown in Ref. [15]
that the bag model (and some of its modified versions)
exhibit the scaling τ¯n = (B/B¯)
1/2 × τn. This scaling is
not realized in the case of the equation of state coming
from cold and dense perturbative QCD since conformal
invariance is broken by interactions via the running of
the strong coupling and quark masses. Moreover, the
frequencies thus obtained tend to be lower compared to
the bag model [14, 15].
Taking into account the recent gravitational-wave con-
straint on the maximum gravitational mass of neutron
stars as being in the range 2M < Mmax < 2.2M [8, 9],
we can impose additional limits on the values that the
zero-mode oscillation frequencies can assume. In Table
III we list the values of zero-mode oscillation frequen-
cies and corresponding periods for stellar configurations
within this range of maximum mass, indicating the values
corresponding to the lower and upper limits in the previ-
ous inequality. The value of XFKV is then constrained to
be in the range of ∼ 3.2 − 4. The period for the case of
nuclear equations of state sit in the range of ∼ 2− 6 ms,
whereas quark stars tend to be in the range of ∼ 0.4−2.9
ms. Thus, also in the case of heavy pulsars one could pos-
sibly distinguish between neutron stars and strange stars,
including interactions from pQCD. For comparison, we
also show results for the bag model B1 which can reach
two solar masses. Strange star masses above this limit
cannot be reached without violating the Bodmer-Witten
hypothesis unless effective interaction terms are added to
the equation of state [43].
V. SUMMARY AND FINAL REMARKS
In this paper we have investigated the radial oscilla-
tions of quark stars and strange stars using an equation
of state from perturbative QCD, including up, down, and
strange quarks in a cold, dense medium in β-equilibrium
6EoS f lower0 [kHz] τ
lower
0 [ms] f
upper
0 [kHz] τ
upper
0 [ms]
APR ≈ 0.48 ≈ 2.08 ≈ 0.24 ≈ 4.16
TM1 ≈ 0.32 ≈ 3.12 ≈ 0.16 ≈ 6.25
XFKV = 3.2 ≈ 0.7 ≈ 1.43 ≈ 0.35 ≈ 2.86
4 ≈ 2.5 ≈ 0.4 ≈ 2 ≈ 0.5
B1 ≈ 1.5 ≈ 0.7 - -
TABLE III. Frequencies and periods of the fundamental mode
for stellar configuration with M lowermax = 2M and M
upper
max =
2.2M.
and electrically neutral. For the best of our knowl-
edge, similar studies of the radial oscillation stability
were only performed within the MIT bag model frame-
work (occasionally including minor modifications). Our
results might bring new insights into the phenomenology
of quark stars and their possible observational searches
[44].
We have found that the zero-mode frequencies and cor-
responding periods for the case of quark stars are distin-
guishable from the ones in typical hadronic neutron stars.
This could be used to discriminate between hadronic
and quark stars by comparing their non-radial pulsation
modes (which are correlated to the radial modes) in grav-
itational waves [22, 23], especially in the case of heavy
compact stars, close to the current constraint on their
maximum mass.
Our results represent an initial step towards the more
realistic case of hybrid quark stars (see, e.g., Ref. [45]).
They might also shed light onto the phenomenology of
strange dwarfs, which seem to be unstable under radial
perturbations[46, 47], or more exotic forms including the
existence of condensed dark matter in neutron stars [48]
and strange stars [49].
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